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Abstract. We study the initial value problem associated to the disper- 
sion generalized Benjamin-Ono equation. Our aim is to establish well 
posedness results in weighted Sobolev spaces and to deduce from them 
some sharp unique continuation properties of solutions to this equation. 
In particular, we shall establish optimal decay rate for the solutions of 
this model. 



1. Introduction 

This work is concerned with the initial value problem (IVP) for the dis- 
persion generalized Benjamin-Ono (DGBO) equation 

dtu + D'^+''d^u + uda:U = 0, t,x £R, < a <1, 
u{x,0) = uo{x), 

where denotes the homogeneous derivative of order s G M, 

D- = (-A)^/2 so D'f = c4\(\'f)\ with D' = ind,y if n = l, 

where Ti denotes the Hilbert transform, 

nfix) = -y.p.{-*f){x) 

IT X 

\y\>^ 

These equations model vorticity waves in the coastal zone, see [38j and 
references therein. 

When a = 1 the equation in (jl.ip becomes the famous Korteweg-de Vries 
(KdV) equation 

dtu - dlu + ud^u = 0, rr E M, (1.2) 
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and when a = the equation in (jl.lj] agrees with the well known Benjamin- 
Ono (BO) equation 

dtu + 'Hdlu + uda:U = 0, t,xeR. (1.3) 

Both the KdV and the BO equations originally arise as models in one- 
dimensional waves propagation (see [34j , ^ , and ^42j ) and have widely been 
studied in many different contexts. They present several similarities: both 
possess infinite conserved quantities, define Hamiltonian systems, have multi 
soliton solutions and are completely integrable. The local well-posedness 
(LWP) and global well-posedness (GWP) of their associated IVP in the 
classical Sobolev spaces H^(R), s G M have been extensively investigated. 

In the case of the KdV equation this problem has been studied in [45j, 
[5], [26], [29], [6], ^30], [lOj, and finally [L7\ where global well-posedness was 
established for s > —3/4. 

In the case of the BO equation the same well-posedness problem has been 
considered in l|5],[lj,i24j,^,[32],[27],[47j, [36j, [7J, and [23j where global 
well-posedness was established for s > (for further discussion we refer to 
[35]). 

However, there are two remarkable differences between the existence the- 
ory for these two models. The first is the fact that one can give a local 
existence theory for the IVP associated to the KdV in (R) based only on 
the contraction principle. This can not be done in the case of the BO. This 
is a consequence of the lack of smoothness of the application data-solution 
in the BO setting established in [38]. There it was proved that this map 
is not locally C^. Actually, in |33] it was proved that this map is not even 
locally uniformly continuous. 

The second remarkable difference between these equations is concerned 
with the persistent property of the solutions (i.e. if the data uq & X, a 
function space, then the corresponding solution u{-) describes a continuous 
curve in X, u € C{[—T,T] : X), T > 0) in weighted Sobolev spaces. In 
|26j it was shown that the KdV flow preserves the Schwartz class. However, 
it was first established by lorio [24] and |25j that in general, polynomial 
type decay is not preserved by the BO flow. The results in [24], |25j were 
recently extended to fractional order weighted Sobolev spaces in |14j . In 
order to present these results, we introduce the weighted Sobolev spaces 

Zs,r = H'{R)nL^{\x\^^dx), s,rGM, (1.4) 

and 

Z,^r = {/ G H'{R) n L^dxp^'dx) : /(O) = 0}, s, r G M. (1.5) 

The well-posedness results for the IVP associated to the BO equation in 
weighted Sobolev spaces can be stated as: 



Theorem A. ([14]) 
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(i) Let s > 1, r € [0,s], and r < 5/2. If uq Z^^r, then the solution u 
of the IVP associated to the BO equation ()1.3p satisfies that 

u G C([0,oo) : Zs,r)- 

(ii) For s > 9/8 (s > 3/2), r G [0,s], and r < 5/2 the IVP associated 
to the BO equation (fOj) is LWP (GWP resp.) in Zs^r- 

(iii) // r G [5/2,7/2) and r < s, then the IVP ([O]) is GWP in Zs,r- 



Theorem B. ([14|) Let u G C{[0,T] : ^2,2) be a solution of the IVP (fL3]l . 

If there exist two different times ti,t2 £ [0,7"] such that 

u{-,tj) G %2,5/2, i = 1,2, i/ien no(0) = 0, (so n(-,t) G %2,5/2)- (1-6) 

Theorem C. ([H]) Lei u G C([0,r] : ^3,3) 6e a solution of the IVP (fL3]l . 

If there exist three different times ti,t2,t3 G [0,T] suc/i that 

u{-,tj) e Zj/2j/2, j = 1,2,3, then u{x,t)=0. (1.7) 

We point out that lorio's results correspond to the indexes s > r = 2 in 
Theorem A part (ii), s > r = 3 in Theorem A part (iii) and s > r = 4 in 
Theorem C. 

Regarding the DGBO equation (|l.ip . we notice that for a G (0,1) the 
dispersive effect is stronger than the one for the BO equation but stih too 
weak compared to that of the KdV equation. Indeed it was shown in |38j 
that for the IVP associated to the DGBO equation (jl.ip the flow map data- 
solution from H^R) to C([0,T] : H%R)) fails to be locally at the origin 
for any T > and any s G M as in the case of the BO equation. Therefore, 
so far local well-posedness in classical Sobolev spaces II^{M.) for (jl.ip cannot 
be obtained by an argument based only on the contraction principle. Local 
well-posedness in classical Sobolev spaces for (jl.ip has been studied in [29] , 
[19] . [37] . [18], and [20] where local well-posedness was established for s > 0. 

Real solutions of the IVP (jl.ip satisfy at least three conserved quantities: 



fOO 

Ii(u) = / u{x,t)dx, l2{u) = I u^{x,t)dx, 

00 

00 , , 0,3 



(1.^ 



/oo 3 
{\D—u\^ + -){x,t)dx. 
-00 6 

In particular, we have that the local results in [20] extend globally in time. 
Concerning the form of the traveling wave solution of (jl.ip it is convenient 
to consider 

v{x, t) = —u{x, —t), 
where u{x,t) satisfies equation (jl.ip . Thus, 

dtv - D^+^-d^v + vd^v = 0, t, x G M, < a < 1, (1.9) 

Traveling wave solutions of (jl.9p are solutions of the form 

7;(x,t) = c^+"0a(c(x -c^+^'t)), 00, 
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where <pa is called the ground state, which is an even, positive, decreasing 
(for X > 0) function. In the case of the KdV equation (a = 1 in (11. 9p ) one 
has that 

3 ^ 2 ^ -x 



(t>i{x) = -sech ^2 

whose uniqueness follows by elliptic theory. 

In the case of the BO equation (a = in ()1.9p ) one has that 

'^o(^) = (1-10) 

whose uniqueness (up to symmetry of the equation) was established in [2j . 

In the case a G (0, 1) in (jl.9p the existence of the ground state was 
established in [48j by variational arguments. Recently, uniqueness of the 
ground state for a G (0,1) was established in [16]. However, no explicit 
formula is know for (pa, a G (0, 1). In [28] the following upper bound for the 
decay of the ground state was deduced 

'^«(^) ^ (l+j2")l+a/2 ' < a < 1. 

Thus, one has that for a G [0, 1) the ground state has a very mild decay in 
comparison with that for the KdV equation a = 1. Roughly speaking, this is 
a consequence of the non-smoothness of the symbol modeling the dispersive 
relation in aaiO = |?|^+"^- 

Our goal in this work is to extend the results in Theorems A-C for the 
DGBO equation p.l|) . by proving persistent properties of solution of (|1.1|) in 
the weighted Sobolev spaces ()1.4p . This will lead us to obtain some optimal 
uniqueness properties of solutions of this equation as well as to establish 
what is the maximum rate of decay of a solution of (jl.ip . 

In order to motivate our results we first recall the fact that for dispersive 
equations the decay of the data is preserved by the solution only if they 
have enough regularity. More precisely, persistence property of the solution 
u = u{x,t) of the IVP (jl.ip in the weighted Sobolev spaces Zg^r can only 
hold if s > (1 + a)r. This can be seen from the fact that the linear part of 
the equation (II. ip 

L = dt + D^+^'d^ commutes with T = - (a + 2)tLl^+". (1.11) 

Hence, it is natural to consider well-posedness in the weighted Sobolev spaces 
Zs,r, s > (1 + a)r. 

Let us state our main results: 

Theorem 1.1. (a) Let a G (0, 1). If uq G Zg^r, then the solution u of the 
IVP ([Ll]) satisfies u G C{[-T,T] : Z,^r) if either 

(i) s > (1 + a) andr e (0,1], 

or 

(ii) s > 2(1 + a) and r G (1,2], 

or 
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(iii) s > [(r + 1) ](1 + a) and 2 < r < 5/2 + a, with [■] denoting the 
integer part function. 

(b) If uq G Zg^r, then the solution u of the IVP (jl.ip satisfies 

ueC{[-T,T] : Zs,r), 

whenever 

(iv) s>[{r + 1)-](1 + a) and 5/2 + a < r < 7/2 + a. 

Theorem 1.2. Let a G (0, 1). //no G Z^.r, r > 2 and s > r(l+a) + (l-a)/2. 
T/ien ^/lere exists a unique solution u of the IVP (jl.ll) SMc/i t/iat 

u(£C{[-T,T] : Z,,,) (1.12) 

Dlue L°^{R: L'^{-T,T)), / G [(l + a)/2,s + (l + a)/2]. (1.13) 
Theorem 1.3. Let u G C{[-T,T] : Zs,(5/2+a)-) ^ith 

T>0 and s > (1 + a)(5/2 + a) + (1 - a)/2 
be a solution of the IVP (jl.ip . 7/ i/iere exisi two times ti,t2 G 

u(-,tj) G Zs,5/2+a, i = 1,2. (1.14) 

Then 

u{0,t) = j u{x,t)dx= j 'Uo(x)dx= So(0) = for all te[-T,T]. (1.15) 
Remarks. 

a) Theorem shows that persistence in Zg^r with r = (5/2 + a) ~ is 
i/ie best possible for general initial data. In fact, it shows that for 
data uq G Zg^r, s > {1 + a)r + (1 — a) /2, r > 5/2 + a with uq{^) ^ 
the corresponding solution u = u{x, t) verifies that 

|^|(5/2+a)-^ g L°°([0,r] : L\R)), T > 0, 

but there does not exist a non-trivial solution u corresponding to data 
Uq with uq{Qi) ^ such that 

|xj^/2+a^ ^ L°°([0,r'] : L2(M)), for some T' > 0. 

b) There is a gap between the lower values of s as a function of r given 
in the above theorems (s > Sr = [{r + 1)~](1 + a) in Theorem 
and s = r(l + a) + (1 — a)/2 in Theorem and that suggested by 
the commutative relation (11. lip s = r(l + a). However, we observe 
that the commutative relation (11. lip requires that r G Z'^, so in 
this case the desired result follows by using the operator T in (II. lip . 
In |14j for the case of the BO equation (a = 0) this difficulty was 
circumvented obtaining persistence property in Zg^r, s > r ^ by 
using some special properties of the Hilbert transform. More pre- 
cisely, by combining the extension of Calderon commutator estimate 
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[8] established in [H] (see Lemma \2J\) . the notion of Ap weight [39] 
and some related results in [22] and [43] . The same problem for the 
KdV (a = 1) (persistence property in Zg^j-, s > 2r, r ^ Z^j was 
recently considered in [40j. 

c) The proof of Theorem I j . ^ follows by combining the contraction prin- 
ciple and the estimates in Propositions \2.,'3\ and \2. 7[ The weight al- 
lows to pass from an L]. estimate to an weighted estimate for 
the maximal function. The extra regularity "(1 — a)/2" required 
in s is to guarantee that the estimates for the weight can be com- 
pleted. Roughly, from Proposition \2. 7| one needs r(l + a) deriva- 
tives to estimate \xY u in the L^-norm. Since the nonlinear term 
involves one derivative we have 1 + r(l + a) derivatives to control. 
Now the smoothing effect and the regularity of the data give us con- 
trol o/ s + (1 + a)/2 derivatives. So to close the estimate we need 
s + (1 + a)/2 > 1 + r(l + a), i.e. s > r(l + a) + (1 - a)/2. For a 
similar argument (in fact more involved) we refer to |40j . 

d) The result in Theorem \1.1\ for s = \ + a was established in [9] . 

Theorem 1.4. Let u G C{[-T,T] : Zsp/2+a)~) with 
T>0 and s > (1 + a)(7/2 + a) + 

be a solution of the IVP (jl.ip . // there exist three different times ii,i2)^3 £ 
[— T, T] such that 

u{-,tj) e Zgj/2+a, J = 1,2,3. (1.16) 

Then 

u = 0. 

Remarks. 

a) Theorem \1.4\ shows that the decay r = (7/2 + a) ~ is the largest 
possible. More precisely, Theorem part (b) tells us that there are 
non trivial solutions u = u{x, t) verifying 

|^|(7/2+a)~^ G L°°([0,r] : L2(M)), r > 0, 

and Theorem guarantees that there does not exist a non-trivial 
solution such that 

|^|7/2+a^ e L°°([0,r'] : L2(M)), for some T' > 0. 

b) We shall prove this result in the most general case s = (l + a)(7/2 + 
a) + Also, we will carry out the details in the case a G [1/2, 1). 
It will be clear from our argument how to extend the result to the 
case a G (0, 1/2). 

Theorem 1.5. Let u G C{[-T,T] : ^s,(7/2+a)-) with 

T>0 and s > (1 + a)(7/2 + o) + (1 - a)/2, 
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be a solution of the IVP (ll.ip . // there exist ti,t2 € [—T,T], ti ^ t2 such 
that 

u{-,tj) G Zsj/2+a, 3 = 1,2, 

and 



xu{x,ti)dx = or / xu{x,t2)dx = 0, 



(1.17) 



then 

u = 0. 



Remark. Theorem \1.5\ tells us that the conditions of Theorem \1.4\ can be 
reduced to two times provided the first momentum of the solution u vanishes 
at one of them. 

Theorem 1.6. Let u G C{[-T,T] : ^s,(7/2+a)-) with 

T>0 and s > (1 + a)(7/2 + [1 + 2a]/2) + (1 - a)/2 
be a non-trivial solution of the IVP (jl.ip such that 

/oo 
xuo{x)dx^O. (1.18) 
-oo 

Then there exists t* ^ with 



xuo{x)dx, (1-19) 



such that u{t*) £ 



Remarks. 

a) Notice that a > a, so Theorem \1.6\ shows that the condition of The- 
orem \1.4\ dt two times is in general not sufficient to guarantee that 
u = 0. So, in this regard Theorem \1.5\ is optimal. 

b) The results in Theorem \1.4\ and Theorem \1.6\ present an striking dif- 
ference with other unique continuation properties deduced for other 
dispersive models. Using the information at two different times, 
uniqueness results have been established for the generalized KdV equa- 
tion in [12], for the semi-linear Schrddinger equation in [13j, and 
for the Camassa-Holm model in [21] . Theorem \1.6\ affirms that the 
uniqueness condition with the weight \x\'^^'^^"' does not hold at two 
different times but Theorem ] 1.4\ guarantees that it does at three times. 
Similar result for the Benjamin- Ono equation (a = in (ll.ip ) was 
obtained in [15]. 

One can consider the IVP (ll.ip with a > 1. In this case our results still 
hold, with the appropriate modification in the well-posedness in H^{M), if 
a is not an odd integer. In the case where a is an odd integer, one has 
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solutions with exponential decay as in the case of the KdV equation (a = 1 
in dLl])). 

Finally, we consider the generalization of the IVP (11.11) to higher nonlin- 
earity 

idtu + D^+'^d^u + u^d^u = 0, t, X G M, A; e Z+, 
|n(x,0) = no(x). 

In this case our positive results, Theorems 11.11 - 11.31 still hold (with 
the appropriate modification in the well-posedness in if'*(M)). Our unique 
continuation results (Theorems ll.4f[T3|) can be extended to the case where 
k in (jl.20p is odd. In this case one has that the time evolution of the first 
momentum of the solution is given by the formula 

/oo 1 /"^ /"OO 

xuo{x)dx+- / / u^^^{x,t)dx. 
-oo ^ + 1 JO J -oo 

Thus, it is an increasing function. Hence, defining t* 7^ as the solution of 
the equation 

ft* l-OD 

i xu{x,t)dxdt = 0, (1.21) 
J -00 

one sees that there is at most one solution of (11.2ip but its existence it is 
not guaranteed. So the statements in Theorems I1.4H1.5I would have to be 
modified accordingly to this fact. 

The rest of this paper is organized as follows: section 2 contains some 
preliminary estimates to be used in the coming sections. Section 3 contains 
the proof of Theorem 11.11 The proof of Theorem 11.21 will be omitted, see 
the remark after the statement of this theorem. Theorem 1 1.3 1 Theorem 11.41 
Theorem 11.51 &iid Theorem 11.61 will be proven in sections 4, 5, 6, and 7 
respectively. 

2. Preliminary Estimates 

We begin this section by introducing the notation needed in this work. 
We use II • 1 1 LP to denote the LP(M) norm. If necessary, we use subscript 
to inform which variable we are concerned with. The mixed norm L'^L^. of 
/ = f{x,t) is defined as 

\ 1/9 



with the usual modifications when g = 00 or r = 00. The I/^Lj norm is 
similarly defined. 

We define the spatial Fourier transform of f{x) by 



/(e) = / e--«/(x)dx. 
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We shall also define J'^ to be the Fourier multiplier with symbol (^)* = 
(1 + |^P)2. Thus, the norm in the Sobolev space H^{R) is given by 

ll/lk2^||J^/ilL^ = ||(0VllL- 

A function x & Cq', supp x ^ [^2, 2] and x = 1 in ("Ij 1) will appear 
several times in our arguments. 

For a G (0, 1) fixed we introduce Fj's as being 

F,-(i,C,^xo) = ^(e-^*l«l'^"^^^o(0), (2.1) 
for j = 0,1,2,3,4. Thus 

Fi(t,e,2o) = -(2 + a)it[e|^+"e-**l«l'+"«So(0 + e-**l«l'^'^«a^no(0, 

i^2(t,C,uo) =e-^*l«l'+"«(-it(2 + a)(l + a)|ersgn(Ono(0 
-(2 + a)2i2|^|2(a+i)^i„(^) 

- 2it{2 + a)|e|i+«aeSo(0 + 5|So(0) 
= (Si + S2 + B3 + B4)(i,e,^io), 

i^3(t, ^^o) = e-^*l«l'+"« ( - zta(l + a)(2 + a) 

- 3t\2 + a)\l + a)|C|2«+i sgn(e)no(e) 
+ if^(2 + a)-^le|'('+'^)no 

- 3it{2 + a)(l + a) |ersgn(Oa^no(C) 

- 3*2(2 + a)2le|2(i+'^)a^no(0 

- 3it(2 + a)|er+'^9|2o(0 + dlMO) 

= {Di + D2 + D3 + D4 + D5 + Dr){t, t uo), 

F^{t,C,uo) =e-'*l«l'+"«( - it{2 + a){l + a)a{a - 1)141""' sgn{Ouo{0 
_t2(2 + a)2(i + a)(7a + 3)|Cp«no(0 
+ 6it3(2 + af{l + am^'^+hgniOMO 
+ t4(2 + a)4|e|^('^+i) (0^0(0 

- 4ita(l + a)(2 + a)|4r"^a^uo(0 

- 12*2(2 + af{l + a)leP'^+^ sgn(Oa52o(0 

+ 4it3(2 + a)'^|4|3(i+'^)952o - 6^2(2 + a)2|4|2(i+«)5|2o(e) 

- 6it{2 + a)(l + a) |ersgn(05|no(0 

- 4it(2 + am'+^dfuoiO + ^IMO) 

The next two results will be essential in the analysis below. 
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The first one is an extension of the Calderon commutator theorem [8] 
found in 

Lemma 2.1. Let % denote the Hilbert transform. Then for any p € (1, oo) 

and any l,m G Z+ U {0} there exists c = c{p; I; m) > such that 

ll^ii^iV'lSr/llL. <c||9-+V||l-II/I|l.. (2.2) 
See Lemma 3.1 in [llj . 

Proposition 2.2. Let a G [0,1), /3 G (0,1) with a + f3 e [0,1]. Then for 
any p,q & (l^co) and for any 5 > 1/q there exists c = c{a; f3;p]q]5) > 
such that 

\\D^[D^;^j]D'-("+^^fU.<c\\j'd,^\\L4f\\Lp, (2.3) 
where J := (1-52)1/2. 

See Proposition 3.2 in |11] . 



Using the notation 

Wait)f = {e-^'\^\'^'^fy (2.4) 
we recall the following linear estimates: 

Proposition 2.3. (Smoothing Effects and Maximal Function) 

(1) Homogeneous. 

\\D('+'^y'Wa{t)fh^Ll<Ca\\f\\2. (2.5) 

(2) Nonhomogeneous and Duality. 

||^s+a/2+l/2^V,(t - t')F{t')dt'h^^2^ + \\D^iy,{t - t')F{t')dt'h^i^. 
<2.a/2||^.-l/2+a/2^|| 

(2.6) 

(3) Maximal function estimate 

\\Wa{t)f\\LlL^ <c{l + TY\\f\l,2 (2.7) 

where p > 2>/4: and s > (2 + a)/4. 

Proof. For the proof of inequalities (|2.5p and ()2.7p see [29]. The inequality 
(j2.6p follows by interpolation. □ 



Proposition 2.4. 

(i) Given (p G L°°(E), with d^<p G L^{R) for a = 1,2, then for any 
0G (0,1) 

||[J^0]/||2<c,,^||/||2. (2.8) 
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(ii) Ifrje (0,1], then 

l|J''(/5)-/J^5ll2<c||C?l|i||5ll2. (2.9) 
Proof. We first prove (j2.8p . Since 

{[j';cf>]f)\o = iJ'm-<i>j'f)''io 

the mean value theorem leads to 

\{[J'-A]f)\0\<ce I \C-Vm-V)\\fiv)\dv = ce{\dr4>\*\f\){0- 
Then by Young's inequality 

ll[J^'^]/ll2<ce|||a:^|*mil2<ce||a:^||i||/||2 

<C,||9.</.||l,2||/||2<Ce,0||/||2. 

To show (j2.9p we notice that 

WJ'^ifg) - fJ'gh < II / 1(1 + - (1 + ICP)''/'l/(^ - C)ll?(C)MCIl2 

<ii / ie-cii/(e-c)ii?(C)Kii2<iiiC/i*i5iii 

<llC?l|lN|2. 

□ 

Proposition 2.5. Given (j) G L°°(M), with d^cj) G L^{R) for a = 1,2, then 
for any 9 G (0, 1) 

||J''(0/)||2<C,,^||J''/||2. (2.10) 

Proof. We just need to write 

j'm = [j',<p]f+<pj'f 

and use the hypotheses and Proposition 12.41 (12. Sp . □ 

We recall the following characterization of the (M") = (1-A)-''/2lp(1R") 
spaces given in 06], (see [3] for the case p = 2). 

Theorem 2.6 ([46j). Let b G (0,1) and 2n/{n + 2h) < p < oo. Then 
f G LP(M") if and only if 

(a) /GLW, (2.11) 

(6) V^f{x) = {f \M^I^dy)'/^GL^iRn, (2.12) 
with 

||(l-A)V||p= ||JVIIp=^ ll/llp + II^Vllp=^ ll/llp+II^^Vllp. (2.13) 
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For the proof of this theorem we refer the reader to [IBj. One sees that 
from ()2.12p for p = 2 and b G (0, 1) one has 

\\V\fg)h<\\fV'gh + \\9V'fh, (2.14) 

and 

||pV||2 = c||dV||2. (2.15) 

We shall use these estimates throughout in our arguments. 

As an application of Theorem 12.61 we also have the following estimate: 

Proposition 2.7. Let b G (0, 1). For any t > 

jjb^^~it\x\^+-x^ < c(|t|^/(2+a) ^ |^|f>|^|(l+a)b)^ (2.16) 



For the proof of Proposition 12.71 we refer to 
Also as consequence of the estimate (j2.14p one has the following interpo- 
lation inequality. 

Lemma 2.8. Let a,b>0. Assume that J^f = (1 - A)"/2j ^ ^^(R) and 
{x)bf = (1 + |x|2)V2/ g l2(M). Then for any 9 G (0, 1) 

II J^"((x)(i-^)V)I|2 < c||(x)Vlir' WJVWi (2.17) 

Moreover, the inequality (|2.17p is still valid with (x)^ in ()3.2p instead of 
(x) with a constant c independent of N . 



We refer to jl4j for the proof of Lemma 12.81 

As a further direct consequence of Theorem 12.61 we deduce the following 
result. It will be useful in several of our arguments. 

Proposition 2.9. For any G (0, 1) and a > 0, 

'c|77|°-^ + ci, a^e, |?7| <Cl, 



c(-ln|r?|)2, a = e, |7/| < 1, (2.18) 

|r/| » 1, 



^^ |jy|l/2+e ' 

with ^|Cl"x(0) (') continuous in r] gM. — {0}. 
In particular, one has that 

2^^(l?l"x(6) e L2(M) if and only if (9 < a + 1/2. 
Similar result holds for ( |^|"sffn(^)x(0 ) (^/)- 



Proof. We restrict ourselves to the case a ^ 9. First we consider the case 
^^(^l^rx(O)- It is easy to see that for ?y ^ 0, ^|C|"x(0) ('?) is continuous 
in e < |?7| < 1/e for any e > 0. 
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Let us consider \r]\ < 1/2. Without loss of generality we assume that 
ri e (0,1/2). Thus 

/ X x2 f (\c+vrx{c+v)-\vrx{v)Y 

{v'{\crx{o)iri)) = J ^ ^-d^ 



= ^1+^2- 



To bound Ai we use that 



Thus 

<r f 1^1 fie < rr)2("-'^) 

^1 - ^ y ^2(l-a)|^|l+2e^^ -^'^ 

-'7/2 

For ^2 we have that 

l(^ + + <cr for ^ 7//2<e<2. 

So 

2 

/t2Q: 
^|^dC<c772(°-^)+ci, if aj^e, 

j?/2 

where ci = if ^ > a. 

Let us consider the case \r]\ > 100. Without loss of generality we assume 
77 > 100. Then 

2-V 



|^|i+2e - ^1+20- 

-2-r, 

Finally we consider ^^(|^|"sgn(^)x(0)('?)- We notice that the previous 
computation for \rj\ > 100 is similar, so we just need to consider the case 
1 77 1 < 1. Assuming without loss of generality that < 7/ < 1. 

Since 

V (iC + ??rsgn($ + 7?)x(C + v)- \r]\"sgii{r])x{v)) 

J ^1+25 
-2-r? 
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The bound for ^ + 77 > is similar to that given before, so we assume 
^ + 7? < < —rj) and consider 

—ri —q —2ri 

A familiar argument shows that 

^1 - ^j^l+2e ^ - ^ 



and 



-2-,, 

with c = if ^ > a. 



/ ^dC = v'^-'^+c, 



□ 



3. Proof of Theorem 11.11 



Proposition 3.1. If uq G i^^+"(M) and |x|^iio G 6* G (0,1), then 

the solution u of the IVP (jl.ip satisfies 

u G C([0,r] : //i+'^(M) nL^d^p^^) ^ z,+a,e)- (3.1) 

where T is given by the local theory. 

Proof of Proposition \3.1\ We use the differential equation and the local the- 
ory such that u G C([0,T] : ff^"'"'^(M)) exists and is the limit of smooth 
solutions. 

We define for 9 G (0, 1) 

, _{{xf = {l + xyi\ if Ix|<iV, 
^'^^^"\(2iV)^ if|x|>37V, ^^-^^ 

with (x)^ smooth, even, nondecreasing for \x\ > 0. 

We multiply the equation in (jl.ip by (x)^ u and integrate in the x-variable 
to get 

~ j i{x)%ufdx+ j {x)%D'^+^dMx)%udx+ j {x)j^u^d^udx = 0. 



Ai A2 
To estimate A2 we integrate by parts to get 

^^ = 11 {x?Nd.{u^)dx = -^J d,{{x)f)uUx. (3.3) 

We shall use that 

d^{{xf^) < ce{xf^-^ < ce {x)%, (3.4) 
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since 6 G (0, 1). Notice that is independent of A^. Thus 

^2 < IKa;)^ u||2i|u|l2||^i||oo- (3.5) 
Now we turn to Ai. We write 

{x)% D^+^d^u = D''{{x)% Dd,u) - [D"; {x)%] Dd,u = Bi + B2. (3.6) 
Using Proposition 12.21 

\\[D'';{x)%]D'-''f\\2<c\\j'd.{x)%Uf\\2, (3.7) 
with 5 > 1/q. Thus 

IIS2II2 = {x)%] DdM2 < ce Wd^uh, (3.8) 

with cg independent of since dx{x)% is bounded independent of A^. Here 
we are assuming that 6 < 1 such that J^dx{x)^^ € for appropriate values 
of (5, q with 5 > 1/q. When 9 = 1, \\J^dx{x)]^\\q is not bounded uniformly 
on by a constant and we cannot do this. 

Also observe that the bound ||-D'^5a;u||2 is natural from the fact that the 
operator T = x — (2 + a)tD^^°' which commutes with dt + D^^^dx- 

Hence it remains to consider Bi in (13. 6p . We write 

Bi = D^{{x)%Ddxu) = D^dx{{x)% Du) - D^{{dx{x)%)Du) 



(3.9) 



with 



\\C2\\2=W{{dx{x)%)Du)\\2 

< \\[D^;dx{x)%]Du\\2 + \\dx{x)%D'+''u\\2 

< c \\J^dl{x)%mD^-''u\\2 + cWD^+'^uh ^^-^^^ 

(3) 

< c\\J^^'^'u\\2, c independent of A^, 



(3.11) 



where in (3) we have used again (13. TP (Proposition I2.2p . 
To estimate Ci in (13. 9|) we write 

Ci = D-dx{{x)% Du) = D''dxD{{x)% u) - D'^dx [D; {x)%]u 

= Ki + K2. 

Since D = Tidx one has 

[D;{x)%]f = D{{x)%f)-{x)%Df 

= ndx{{x)%f)-{x)%ndxf (3.12) 
= n{{dx{x)%)f)-[n;{x)%]dxf. 

Therefore 

K2 = -D^dxn{{dx{x)%) u) + D'^dxlH; {x)%]dxu = Qi + Q2. (3.13) 
To bound Q2 we use the commutator estimate in Proposition 12.11 

||5^'[-H;a]a-/||2<c||a^-+-a|U||/||2, (3.14) 
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and interpolation (WD'^fh < ll/lls'll^/IIS) to get 
IIQ2II2 = \\D''d^[n;{x)UdM2 

I2 



< \\Dd,[H; {x)%]dM'i\\d,[n; {x)%]dM\^^" 

< \\dl\n- {x)%]dM\2 {x)%]dM 



1-a 
2 



(3.15) 



<c{\\dl{x)%U + \\dl{x)%\\^) \\uh. 
Using previous arguments we also have 
\\Qi\\2 = \\nD''d,{{d^{x)%)u)h 

<W{{dl{x)%)u)h + \\D%{d,.{^)%)d.u)h 

< {\\D-dl{x)%hM^ + \\dl{x)%\U\D''u\\2) (3.16) 
+ \\[D'';d,{x)%]d^u\\2 + \\{d,{x)%)D''d^u\\2 

< ci|ji+"n||2. 

Finally, we turn to the term Ki in (j3.1ip . Parseval's identity yields 

D''d,Di{x)%u){x)%u= [ d,D^'+^y\{x)%u)D^^+''y\{x)%u)=0. 



Since from the local existence theory [18J we know that 

sup \\u{t)\\i+a,2 = sup \\u{t)\\jji+a < C, (3-17) 
[0,T] [0,T] 

combining the above estimate and taking limit as — ?• oo we obtain 

sup ||(x)%(t)|l2 < ce for all 9 e [0,1), (3.18) 

[0,T] 

which yields the result. 

We observe that the argument above shows that if in addition to uq € 
i7i+°(R) nL2(|x|2^), e G (0,1), no e Fi+"+"(M) with D'^uq € L^dx^^), for 
a > 0, then D'^u £ C7([0, T] : H^+''{R) n L^dxp^)), a > 0. 

□ 

3.1. Case s = 1 + a, r = 1. Let G -H'^+"(M) n L^{\x\^dx). We observe 
that the persistence result in this case was already proved by Colliander, 
Kenig and Stafillani [9j. However, by convenience we present a different 
proof. 

First notice that 

xD'+'^d^f = {xD^+'^d^fr'' = {id^ m^+'^iihY 

= ( - (2 + a)|C|i+"/ + n^^'^iiidJY (3.19) 
= _(2 + a)Di+"/ + Z)i+"a,.(x/). 

Hence if u satisfies 

dtu + D^+^d^u + ud^u = 0, (3.20) 
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then 

dtixu) + D^+^d^ixu) - (2 + a)D^+"n + xud,,u = 0. (3.21) 
In this case the standard energy estimate argument shows that 

jjxu{t)\\l < Ca\\D^+''u{t)\\2\\xu{t)\\2 + \\u\\^\\u{t)\\2\\xu{t)\\2 . (3.22) 

Since 

sup ||n(t)||i+a,2 < c{a;T; ||uo||i+a), (3.23) 

[0,T] 

one has from ()3.22p that 

sup ||xM(t)||i+a,2 < c{a;T; ||uo||i+a,2; Iktiob)- (3.24) 
[0,T] 

Remark 3.2. By taking derivatives Z?" in the equation (|3.20p and repeating 
the above argument we have that if in addition to uq € i/-^+"(M)nL^(|xp dx) 
one has 

D'^uo e H^+^iR), xD^'uo e L^(R), for some a > 0, (3.25) 

then 

sup \\xD°'u{t)\\2 < c(T;a; \\uo\\i+a+a,2] ll^olb; HxD^uolb)- (3.26) 

[0,T] 

3.2. Case s = 2(l + a), r e (1,2). Let uq E iJ^Ci+a) nL^d^p^ dx), r = 1 + 6*, 
(0,1). 

Reapplying the method for the weight (x)^, 9 € (0,1), multiplying the 
equation ()3.2ip by {x)'j^xu and integrating the result, one gets 

It, I {{^)%^^fdx+ [ {x)%D'+-d^{xu){x)%xn 

^"^^J J (3.27) 

- (2 + a) / {x)%D^+''u{x)%xu + j {x)%xud^{x)%xu = 0. 

From the previous analysis and Proposition 13.11 we only need to handle 
the last two terms in (|3.27p . 
First we notice that 

{x)%D^+''u{x)%xudx < ||(x)^Z)^+'^u||2||(x)^xn||2. (3.28) 
{x)%D'+-f = -[Z)«; {x)%]D'--D-f + D^x)% Df, 



Ci C2 
and by the commutator estimate 

IIC1II2 < ||-C»"/|l2 uniformly in TV for e (0,1). 

On the other hand, 

C2 = Z?"(x)^ d,nf = D''d,i{x)% Hf) - D'\d^,{x)% Uf) ^Ki+ K2, 
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where 

l|i^2||2 = \\D^{d.Ax)%-Hf)h < \\r{d.Ax)%-Hf)h 
<\\[r;dAx)%]nf\\2 + \\dAx)%rnf\\2 
<\\f\\2 + \\rfh<c\\rfh. 

So we consider Ki. 
Ki = D^dMx)% nf) = D''nd,{{x)%f) + D^d,[{x)%; n]f = + Ki,2. 
For Ki^2 we write 

\\K,,2\\2 = Wd.A{x)%;n]f\\2 

<||i?5.[(x)^;7^]/||f||5.Kx)^^;?^]/|ir" 

Finally, 

||i^l,l||2 = \\D'^''{{x)%f)\\2 < \\j'+^{{x)%f)\\2 

<II^'('+"V|| + IKX)^^X/||2+||/||2 + ||X/||2. 

which completes the estimate for (j3.28p if s > 2(1 + a). 
For the nonlinear term coming from (j3.2ip we have that 

j {x)% X udxU{x)% XU < \\{xfxu\\l\\da:U\\oo < \\{xfxu\\l\\u\\2(i+a),2- 

This proves that if uq G i72(i+«)(M) and u G L^{R), 9 G (0, 1), then 

persistence holds in 

^2{l+a)^^2([^|2(l+e) 

Remark 3.3. The above argument also shows that if in addition to uq G 

//2(l+a)(|^)p^2Q^|2(l+e)^2.) f^^g jja^^ ^ H^i^+^-^R) f] {\x\^(^+^Ux) , 

a>0, then D'^u G C{[0,T] : F2(i+'^)(M) n L2(|x|2(i+^) dx)). 

3.3. Case s = 2(1 + a), r = 2. We observe that an argument similar to 
that in also gives the persistence of the solution to the IVP (jl.ip in 

no G /?2(i+'^)(M) nL^dxj^dx). (3.29) 

In fact, using for 

x^D'+'^d^f = (x2z)i+"a,/)^^ = i-dim'+^im"' 

= (-(2 + a)(l + a)|er isgn(0 / - 2(2 + a)|er+'^^7 + m'^^i^{^)r 
= -(2 + a)(l + a)D''nf - 2(2 + a)D^+^{xf) + 0^+" d^{x^ f) . 

We get the equation for x^u 

dtix^u)+D^+''d^{x^u)-2{2+a)D^+''{xu)-{l+a){2+a)D''nu-x^ud^u = 0, 
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for which a famihar argument also shows that 

sup ||x^u(t)||2 < c{T; a; \\x^uo\\2; ||Mo||2(i+a),2)- (3-30) 
[o,r] 

As before we notice that if in addition to (j3.29p one has that 

D'^Uo G //^(l+a) ^j^) ^ ^2(|^|4 _ ^2(i+,)_2, " > 0, (3.31) 

then 

sup ||x^L>"n(t)|j2 < c{T;a; \\x^uo\\2; Wx^D^uo^; llno||2(i+a)+a,2)- (3-32) 

[0,T] 

3.4. Case s = Sr = [{r + + a), r e {2,5/2 + a). We observe that the 
equation for xu 

dt{xu) + D^+^d^ixu) - (2 + a)D^+''u + {xu)d^u = 0, (3.33) 

and the previous argument for with / € (0,2) wih provide the result if 
the contribution for the extra term in (j3.33p D^^'^u can be handled, i.e. 
if for / = 1 + 6* 

sup II \x\^+^D^+''u{t) II2 < M. (3.34) 

[0,T] 

We claim that if 6* G (0,a + 1/2), mq € H^^iM.) n L'^{\x\'^+^), s = r[{r + 
1)~](1 + a), we obtain (I3.34p and hence the desired result. From Remark 
13.21 it will suffice to have 

|||x|i+^Di+"no||2 < c(|||x|2+%o||2; p('+'')('+')no||2). (3.35) 
with c independent of N. 

Proof of (j3.35p . Using the identity 

X D^+^f = D^+^{xf) + (1 + a)D''nf, (3.36) 
we have to control the L^-norms of the terms 

Ki = {xfO'^nuo and K2 = \xf D^+'^ixua). (3.37) 
We can estimate Ki as 

Iii^iii2<p|(iersgn(e)x(o^^o(e))ii2 

„ (3.38) 
+ ||I)|(|ersgn(0(l - X{0)uo{0)h = Ki,i + Ki.2. 

where 

< ||I)|(|ersgn(Ox(e))no(0))||2 + ||I)|(|ersgn(e)x(e)(no(e) -^^o(0)))||2 

^ V ' 

= ^1,1 + ||Dg^L||2. 

Next we have that 

\\DiL\\2<\\Lmi-'\\d^m\\l 
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Then 

\\d^L\\<c{\\d^no\\oo + \\Dluo\\2) 

< c(||£uo||oo + lllxl^uolb) 

< 0(11x^0111,2 + |j|a:|^no||2) < c(||(x)uo||2 + \\{x)dxUo\\2) , 

and 

Ki^i < oo. 

(by Proposition [22]). □ 
Consider now ||-fC2||25 we introduce the cutoff function x to obtain 

||i^2||2 = ||k|''Z)^+''(xno)||2 

< ii^f (ici'+"x(0(£S5))ii2 + P|(ier+'^(i - x(e))(5S5))ii2 

< K2,l + ^2,2- 

Using Stein's derivative, Leibniz rule (|2.14p and Proposition 12.91 we esti- 
mate 7^2,1 as 

i^2,l = |P|(|er+MO(5^0))||2 

< cwvim'^'^ximui^oh + iiier+Me)iioopf(xro)ii2 

< Ca||xUo||2 + Ca ||-D|(xt(o)||2 
<CJ|(X)1+%0||2. 

On the other hand, we notice that = — — and f2iO — 
satisfy the hypothesis in Proposition 12.51 hence it follows that 

K2,2 = \\Dim'^-{i-xm^om2 

^ II (, TTyiT^ (?) ) Il2 



<c\\Jlm'+-d^no)\\2 



< ciiJ|95((e)^+"So)ii2 + \\Jiid^m'^nno)\\2 

<c\\Jl+'m'+'^uo)\\2 + II j|(|y(0"So)||2 

<c\\{x)'^'j'+-Uo\\2 + m'rUo\\2 

<cJKx)2+%oll^^/^'+'^l|j(^+^)(^+'^)-oll^/^'+'^ 

+ cJ|(x)^+%oll^/^^^''^l|/^^^)tnoi|f^^^ 

where in the last inequality we have applied complex interpolation (mq G 
H'-{R) n L2(|a;|2^ dx) with r = 2 + G (2, 5/2 + a)). 
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3.5. Persistence property in Zg^^r with s, = [{r + 1) ](1 + a) and 

rG [5/2 + a, 7/2 + a). To simplify the exposition we assume r G [3, 7/2 + a). 
We have established persistence in 

Zs,,r with rG [2, 5/2 + a), (3.39) 

for the equation (we are assuming a G (0, 1/2) for simplicity) 

dtu + D^+^d^u + ud^u = 0, (3.40) 

and that xu satisfies the equation 

dt{xu) + D^+^d^ixu) - (2 + a)D^+''u + xud^u = 0. (3.41) 

Thus if we prove that uq G Zg^^r with r G [5/2 + a, 7/2 + a), then the solution 
u satisfies 

|x|"D^+"n G L2(M) for a = r - 1 G [2, 5/2 + a), (3.42) 

the argument for proving the result in Zg^^r as in p.39p will provide the 
result. 

Since n(0, t) = 2o(0) = / uo{x) dx is preserved by the solution flow, it 
will suffice to show that if uq G ^r(i+a),ri ^ £ [5/2 + a, 7/2 + a), then 
|3.|a^i+a^^ G L2(M) for a = r - 1. 

Since a G [2,5/2 + a) with a G (0, 1/2) write a = 2 + 6, 6 e {0, 1), and 
use that 

^ ^ a)aD^-^f - 2(1 + a)D'"H{xf) + Z)^+"(xV)- (3.43) 

Thus 

|^[2+e^i+a^^ = - (1 + a)a|x|^L'''-^no - 2(1 + a)D'"H{xuQ) 

+ [x|^Z)i+"(x2no) (3.44) 
= Gi + G2 + G3. 
First we write Gi using that 

\\\x\'D--\42 = \\Dl{\ir^u^)h 

< iii)|(iei"-'x(o?^o)ii2 + ii^|(ierHi-x(e))2o)ii2. 

Now using that uq{0) = 0, the Taylor expansion allows to write 

MO = e9c2o(0) + / (C - OdIuiOdC. (3.45) 

JO 

So 

Jo 

= iei"sgn(e)x(05sSo(e) + Qi. 

and by Proposition 12.91 

D|(|Crsgn(Ox(e)552o(e)) G ^'(K) if and only if ^ < a + 1/2 

if and only if a = 2 + 9 < 5/2 + a. 
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which holds from our hypotheses, and 

-'t 



\\D?Qih<\ml-'\\aiQi\\i 



and 



IIQ1II2 < \\xmr^'\\dluo\\L^^^^j2 < \\x^Uo\U < l|x'^0||l,2 

< \\{xfuoh + \\j'uo\\l^'\\{xfuo\\T, 



\\dM\2<\\x'imr' I {(-OdlMOdCh 

a-2 / /-^^J2' 











la-l 



+ iix(oier-' / diMOdcw 
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1,2 



< ||5|2o||oo + Ca||x(Ol^ri|5|So||oo||2 

< Ca||9|no||oo < Callx^liolloo < Ca||x^no|| 

<c.(|Kx)\o||2 + ||j'no||f |Kx)\o||f ). 

This provides the bound of Gi in (j3.44p . 
For G2 we write 

\\\xfD'''Hixuo)\\2 = ||Z?f(|Crsgn(0(xIl5))||2 

< iiz)|(icrsgn(0x(e)(ss5))ii2 + p|(iersgn(0(i-x(e))(5^))ii2 

< ||S25l|oo + llS^^lb + II^|((0"^)ll2 

< \\xUoh,2 + Wxuoh + II J'+'((0"?^0)I|2 + II J'((0""'?^0)I|2 

< ||(a;)^xo||2 + ||a;5^^x|| + ||(x)i+^J"no||2 + || J^olb- 
To complete the estimate we use that 

|Kx)l+^J^o||2<||(x)^no||^^)/^||J™no||^^)/^ 

holds if — - — ^ = a < r(l + a)^ — - — ^. Since r > 3 we just need 

(1 + a)(2 — 6) > a, which holds since 9 € (0, 1). This finishes the bound for 
G2. 

Finally, we consider G3 in (j3.44p . 

|||xrZ)i+"(x2^o)||2 = ||I?f(|er+'^sgn(e)9|^Io)||2 

< p|(|er+"sgn(e)x(05|2o)||2 + ||I?f(|er+'^sgn(0(l-x(6)5|no)||2 
= A1+A2. 
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The Leibniz rule and Stein derivatives give 
^1 < (|e|i+"sgn(Ox(e))l|oo||5|So||2 + |||^|^+'^sgn(e)x(Olloc||Z?fa|2o||2 
< IK^)'+^o||2, 

and 

A2 < \\Dl{dlm'^%gniO{l-x{0)uo))\\2 

+ \\Di{dm'^%snm-x{m'^o)h 

+ p|(a|(|e|^+"sgn(0(l-x(e))no)||2 
= Ki+K2 + K3. 

Notice that 

9g(iei^+'^sgn(e)(i - x(0))=(i + a)iersgn(e)(i - xm + ier+'^sgn(e)x'(o, 

and 

9|(|ei'+'^sgn(0(l - xiO)) = c \Crhgn{0{l - xiO) 

+ c|Crsgn(Ox'(0 + ler+'^sgn(e)x"(0- 
So to bound we just need to consider 

(ler- W)(i - x(6)2oii2 < p|(ier-'sgn(o(i - x(e)))iiooiisoii2 

+ mrhgn{0{i-xmu\Diuoh 

< ||^io||2+ llkl^lb- 

To bound K2 we just need to consider 

iii?f(iersgn(e)(i-x(0)5,2oii2 < p|( i^i"^g"(|(i-^(^)) (g)^ 

.g/ |grsgn(0(l-x(g)) ,,. 

^ii^H w 

Now notice that 

Thus Proposition 12.51 and interpolation (Lemma I2.8P yield 

<\\d^Jl{{cruo)h + \\Jim''-'m)\\2 
<p^'((ereo)ii2 + iiJ|noii2 

< \\{x)'+'rUo\\2 + \\\xfuoh. 

Finally to bound we just need to consider 

\\Dl{\Crhgn{0{l - x{0)uo)h < \\Jl{\^rhgn{0{l-x{0)uo)\\2 

< Pluoh < \\{x)'^uo\\2, 
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where we have used Proposition 12.51 

4. Proof of Theorem 11.31 

Without loss of generality we assume that ti = < t2- 
We consider the case < a < 1/2 and hence | + a = 2 + Q<3. 
From the hypothesis we have that u € C{[—T,T] : Z(^-^j^^^^5_^^'^_^^i^ 
for some < e <1. Therefore 



and 



ud^U G C{[-T,T] : ^(i+„)(|+„)_l±a_4+2a-2j' 

ud^ueL\[-T,T]:H'''{R)), with sq G (0, (1 + a)(| + a)). 



'2 

The solution to the IVP (jl.ip can be represented by Duhamel's formula 



U{t) = Wa{t)uo - / Wait - t')u{t')dMt')dt', [A.l] 

Jo 

or equivalently in Fourier space as 



(4.3) 



t) = e-*l«l^+"«So(e) - / e-(*-*')l«l^-^''«C^:5(^^ t'^dt'. (4.2) 
^ Jo 

With the notation introduced in (12. ip . we have 

a|n(e, t) = F2{t, e, no) - ^ y* F2(t - t' , ^, ^'^{^, t')) 

= Y^B,{t,i,uo)-\ / ^s,(t-t',e,e^^)dt'. 
1 1 

We notice that for any t € M, and any j = 2, 3, 4, we have 
CLAIM 1. Let a = i + a G {\, 1) and j = 2, 3, 4. T/ien 

i?,(t,C,no) - ^ j\^{t - t',(,(^)dt' G //"(M), (4.4) 

for all t G M. 

If we assume (j4.4p . it follows that 

5|2(C,t) G H'^iR) if and only if 

Bi{t, no)-^ r i?i(t - t', e, ) G ^°(K). 
^ Jo 

We split now i?i as 

5i(t,e,2o) = cit|ersgn(e)e-^*l«l'^"«no(e) 

= cit|ersgn(e)e-^*l«l'^"«no(0(x(6 + (1 - X(0)) (4-6) 
= + -Bi,2, 



(4.5) 
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where ci = —i(2 + a)(l + a). From the hypothesis, it is easy to check that 
for any t G M - {0}, 5i,2 E H^iM). 
Next, we consider Bi^i 

= cit|Crsgn(Ox(e)(e-'*'«''''"« - l)no(e) + citiersgn(Ox(OSo(6 

Once again, we can easily check that for any i G R — {0}, G H^(M.). 
We rewrite Bi i as: 

Bl, = cit\^rsgn{Ox{mMO - So(0)) + cit|ersgn(Ox(e)eo(0) (4.7) 

and notice that for any t G M-{0}, cit|C|<'sgn(Ox(6(^^o(0-^^o(0)) G i7i(M). 
Now, we apply the above argument for the inhomogeneous term 

Bi{t-t',^,^'^)dt', 



J 

Jo 



to conclude that 



{Bi{t,^,uo)-'- [ Bi{t-t',^,^'^)dt') -ciim^^sgniOxmoiO) 

and therefore from (|4.5p and (|4.8p we have that for any t G M — {0} 

dim, t) G H"{R) if and only if 



tiersgn(Ox(e)no(o) - - / (t - oiersgn(e)x(m^'(o,o e ^"W- 

Finally, we observe that for any t G M — {0} 
and hence 

dlu{^,t) G H'^iR) if and only if t\^rsgn{^)x{OM0) G -H'"(IK) (4.9) 

and since a = ^ + a, it follows from Proposition 12.91 that (14. 9p holds at 
t = t2 if and only if no(0) = 0. 

In order to complete the proof we go back to Claim 1 . 

Proof of Claim 1: We will only give the details in the case j = 2. We have 

B2{t,tuo) = C2e-^'^^\''"'k'\e^-+'^MC) (4.10) 

and therefore 

\\B2{t,-,Uo)\\2 < CtWD^^^+'Koh < Ct||tZo||2(a+l),2 (4.11) 



(4.12) 
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and from Proposition 12. 7^ Proposition 12.51 and Lemma 12.81 
||D°i?2(t,-,no)||2 

< Q(||uo||2(„+i),2 + |||e|('+")('+")no||2 + (lel'("+')2o)||2) 

< Q(hoii{2+.)(a+i),2 + w^n^^Sr^io'^'^'^^uom 

< Q(ll^0ll(5/2+a)(a+l),2 + II ((O'^'+'^^Sq) lb) 

< Q(ho||(5/2+a)(a+l),2 + || j2(l+")^Xo b) 

< Q(||^X0||(5/2+a)(a+l),2 + || (x)'/'+'^^0 Ib"^ II ^0 Ib"^ ) 

which are all finite since uq € -^(5/2+a)(a+i),5/2+a- 

5. Proof of Theorem 11.41 

As it was remarked, we carry out the details for a G [1/2,1). Thus, 
7/2 + a = 4 + a with a = a - 1/2 € [0, 1/2). 

Again, we shall use the integral equation associated to the IVP (jl.ip 

U{t) = Wa{t)uo - [ Wait - t')u{t')dMt')dt', 

Jo 

which in Fourier space reads as 

n(e, t) = e-*l«l^""«So(e) - f e-^^'-''^\^\'^^Hu^{i, t')dt'. (5.1) 
With the notation introduced in (j2.ip . we have that 



11 . „f 11 

1 ^ Jo I 



By hypothesis we have that 

u G C{[-T,T] : Z^^^^^^a+a)+l^ 



for some < e <1. 



Therefore 

ud^U £ C([-r,r] : ^(i+„)(7^„)_i±a^g^2a-2j' 

and by using Proposition 12.31 

ud^u G L\[-T,T] : F"o(R)), sq £ (0, (1 + a) (7/2 + a)). 
In Fourier space these last two properties are 



(5.2) 



(5.3) 
(5.4) 
(5.5) 



u G C{[-T,T] : ^r_^„_,_(i+„)(7_^„)_^i^). 



(5.6) 
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and 

^U*ueC{[-T,T] : Zg^2a-2.,{l+a)(I+a)-i±^)- (5-7) 

Also for j = 1, 2, 3 one has that 

G Z(7/2+a)(l+a),7/2+a and SO u{- , tj) G Z-j /2+a,{7 /2+a){l+a) ■ (5-8) 

We observe that from the equation in (jl.ip it fohows that 
d 1 1 

— J xu{x,t)dx = -\\u{t)\\l = -\\uo\\l, (5.9) 

and hence 

/oo ^ 
j;uo(x)(ix + - lluolll (5.10) 
-oo ^ 

so the first momentum of a non-null solution is a strictly increasing function 
of t. If we prove that there exist ti G (^1,^2) and t2 G (^2,^3) such that for 
J = 1,2 

/oo 
xu{x,ij)dx = 0, (5-11) 
-00 

it will follow that H^iolb = 0, and therefore u = 0. 

So we just need to show that using the hypothesis in (15. Sp and (j5.9p for 
j = 1,2 there exists ti G (ti,t2) such that 



/oo 
xu{x,ii)dx = 0. (5.12) 
-00 



Without loss of generality we assume that ti = < ^2 < ^3- Then, going 
back to equation (15. 2|) we observe that 

E, = E,{t,c,uo) = citier-'sgn(e)e-**i^i'^"«ao(e) 

= cit|er-2sgn(e)e-*l«l'^''«no(e)(x(e) + 1 - xiO) (5-13) 

= -E'l,! + -El, 2, 

with £^1,2 G //""^(M) for any t G M. On the other hand, by using Taylor's 
formula and the fact that uq{0) = 0, we obtain 

2o(0 = ^di:uo{o) + / (e - 9)dlu{e)de = e5gSo(0) + i?2(6- (5.14) 
Jo 

Therefore we can write Ei^i as 
Ei,i{t,^,uo) = cit|er-'sgn(e)e-**l«l'^"«x(0(C5^2o(0) +i?2(0) 

Let us see that for any t G M, R2{C,t) G H^{R). Thus 

\\R2{-,t)\\2<ctmr\{m\'\\diuo\u\2 

< qIIx^uoIIoo < Q||a;^tio||i,2 

< Ct{\\{xfuo\\2 + \\{xfdxUo\\i^2)- 



(5.15) 
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Since a € (1/2, 1) (so a - 1 > -1/2) 

\\dM-M2<ctmr\m?\\diu,\\ooh 
+ mr^mx{m?\\diu4ooh 

+ lliei"^+V(e)ll|5|no||oo||2 (5.16) 

+ Iiier'x(e)ieiii5|noiiooii2) 

< Q(||(x)^no||2 + \\{x)'^dxUQ\\i^2)- 

Next we observe that 

tier-^sgn(e)e-**i«i'^"«x(e)5^no(o) 

= t\irhgn{Ox{mM^){'^ + (e-*l«l'+"« - 1)) (5.17) 

= ticr-^sgn(0x(e)5^2o(o) +Q2(t,e) 

with 

Q2(t,-) eFi(M), (5.18) 

for all t E M, which follows by combining the estimate je*"^ — 1| < |r| and the 
fact that a G (1/2,1). 

Gathering the information from (|5.13p to (I5.18P we can conclude 

- cit\ir^sgn{i)x{i)d^u^{Q) G H\^), (5.19) 

for all t G M, with ci = -(2 + a)(l + a)a{a - 

Combining the above argument and (|5.4p we also conclude that 



Jo Jo 
for all t G M. 

Now we shall rewrite the terms -Es's in (12. ip as 

i?5 = E,{t,C,uo) = C5t|er-'sgn(e)e-'*l«l'^"«95So(0 

= cit|er-'sgn(Oe-**l«l'-'''«55no(0(x(0 + 1 " x(0) (^-^O) 

with £5^2 G -ff^I^) for any t G M. In fact 

||ii^5,2||l,2<Q(||I)2a(^^^)j|^^||^^^2^^||^) 

<Q(||xno||2,2 + ||(x)'^xo||2) (5.21) 
< ct{\\d^uo\\2 + ||(a;)a^uo||2 + |l(x)\o||2). 

Also 

E,,i = C5i|er-^sgn(e)e-^*l€l'^"fx(055So(0) 

+ C5t|er-isgn(Oe-**l«l''''"«x(0(9eSo(e) - d^uom- 
An argument similar to that one in ()5. 150 - 115. 16p shows that 

C5t|er-'sgn(Oe-''*l«l'^"«x(0(5«So(0 - d^MO)) e hHr), (5.23) 



(5.22) 
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for alH G M. Now we consider 

The argument in (|5.17p and (I5.18P show that 

t|er-^sgn(0(e-^*l«l'^"« - l)xiOdM0) G H\R), 
for all t G M. Hence gathering the information from (j5.20p to (|5.24p 

for all t G M, with C5 = -4i{2 + a)(l + a)a. 
The above argument and (|5.4p show that 



(5.24) 

(5.25) 
(5.26) 

(5.27) 



for all t G M. We claim that for all t G M, 
It suffices to consider £^3. So 



ll^slb < Ct 



and 



115^^3 II2 < Ct{ 

< Ct{ 

< Ct{ 

< Ct{ 
<Ct{ 



3a+2,2; 



(5.28) 



U0\Ua+3,2 + \\Jd{O'^^'^0)h) 
no||4a+3,2 + ||j|tlo|||ll((0'""'^So)|| 



(5.29) 



|no||4a+3,2 + |Kx)%||2l|J^'^+3no|||). 

Since 4a + | < (| + a)(l + a), and 4 < | + a, the claim is proved. 
A similar argument and ()5.5p show that for j = 2, 3 

r-t 

Ej{t-t',C,Cu^{^,t'))dt' G //^(M), (5.30) 



for all t G 



Let us see now that for j = 6,9 
Ej{t,-,uo) G 



(5.31) 



for all t G M. In both cases the proof is similar so we just consider the case 
j = 9. So 



<Q(iKe)v|eoii2 + iKe)"2oii2) 
< ct{\\r{xfuo\\2 + \\ruoh), 



(5.32) 
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and 

\a.-la2:^ ii , || //:\l+2a 02^- 11 ||/t\ao3' 



< Qdia^noiioo + \m'^'''J!uo\\2\\J!{0''M2 + my^^'^noh) 



< Q(||x\o||i,2 + II j''^+^(x)\o||2 + IK:r)3j"t.o||2 + ||«0||2a+l,2) ^^'^^^ 



< ctiWx'uoh + II J'''+'(x)'no||2 + ||(^)V'^no||2 + ||no||2a+l,2)), 

which can be bounded by interpolation as weh. 

Also a similar argument and (jS.Sp shows again that for j = 6, 9 



/ Ej{t-t',^,^'^{(,t'))dt' e H\R), (5.34) 
Jo 

for all t € M. By hypotheses ([53]), ([53]) and ([SS]) we have 
CLAIM 2. Let a = a - I £ (0, i) and j = 4, 7, 8 and 11. Then 

Ej{t-t',^,d^{C^i^)), [ Ej{t-t',Cu^){^,t')dt' £ H'^iR), (5.35) 
Jo 

for all t € M. 

Proof of Claim 2: Due to the form of the terms, by interpolation it suffices 
to consider the cases j = 4 and j = 11. Thus, 

||i?4||2 < Q|||C|4(^+°)So||2 < Q||no||4(l+a),2, (5-36) 

and 

lli^iilb < Q||a|So|l2 < Q||(0'no||2, (5.37) 
and hence both quantities are finite. Now 

WD^E.h < Qdll^l^+'^nolb + |||^|('+")(^+'^)2o||2 + ||I?r(l^l'^'^"^^o)||2) 

< Q(||(0^'+")('+'^)no||2 + P^"(|el'^'+'^^So)||2) 

< Q(|ko||(4+.)(l+a),2 + ll^>r(l?l'^'^"^^0)||2), 

but 



ii^?r(iei'('+'^)no)ii2 < pr(lw^(o'^'''"^^o)ii2 



(5.38) 



(^)4(l+a) 

< cdKO'^^+'^^Solb + P^"((0'^'+"^So)l|2) 

<c(||J^(^+'^)no||2 + ||J|'((6'^^+")no)||2) 

<c(||no||4(l+a),2 + IKx)"J^(^+'^)^o||2) 

< c(||no||4(l+a),2 + |Kx)4+-U0|||^ll^^'+"^^'^+'^«0| 

therefore 

||I?f^4||2 < c(||no||4(i+a),2 + || (x)^+"uo II2) , (5.39) 



I 4+Q, ' 

12 



THE DISPERSION GENERALIZED B-O EQUATION 

which is finite by the hypothesis at ti = 0. Also 
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WD^Euh < ctiWdluoh + Ur^'^'^dluoh + Pe(9|«o)||2) 

< Q(||(x)4no||2 + mr^'^'^^dluoh + llkl'+'^olb) 
<Q(||J"(i+'^)(x%)||2 + |Kx)4+"no||2) 

< q(|| J"(i+'^)((x)%)||2 + II J"(i+")((x)2no)||2 

+ ||J"(^+'^)no||2 + |Kxr"^o||2) (5.40) 

< Q ( 1 1 (x)^+"no I ll^ 1 1 no I ll^ 

+ ||(x)%|||||j2-(»+i)no||| 

+ ||J"('+'^)no||2 + ||(x)^+"uo||2) 

< Q(ll^^0||(4+a)(l+a),2 + || (a;)^+"uo II2) ■ 

Combining ([OeD - dSliOll and ([53]) it follows that 

/ Ej{t-t',^,^'^){^,t')dt' £ H'^iR), (5.41) 
Jo 



for all t € M for j = 4, 11, and consequently for j = 7,8,9 as well. 
Summing up, we can conclude that 

D^dlu{-,t) G l2(M) if and only if 



and by (ISlQ 



9^(i^i/^)(0, t') = — ixii92,.ii(0, t') = — i y xudxu{x,t') dx, 

= ^Il^(i')ll2 = ^11^^(0)112 = / xu{x,t)dx. 



(5.42) 



for any fixed t G M. We observe that 

9^uo(0) = — zxuo(O) = —i I xuo{x)dx, (5.43) 



(5.44) 
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and by integration by parts 

rt2 



^ Jo 

= —it2 I xuodx — i I {t2 — t')— I xu{x,t')dx dt' 



t'=t2 

-it2 / xuo{x)dx — i{t2 — t') / xu{x,t')dx (5.45) 



i'=0 



t2 r 

-i I / xu{x,t')dxdt' 

'■t2 







—I 







xu{x, t')dx dt' . 



Thus from our hypothesis at t = it follows that 

(■t2 



Dfiximr^) j^' I xu{x,t')dxdt' G L\R), (5.46) 
but we recall that a = a — 1/2 and from Proposition 12.91 



D^ixm^-') ^-D^ixmr'^') i ^'w if « e (o,i). 

Therefore for (|5.46|) to hold is necessary that 

rt2 

xu{x,t')dxdt' = 0, (5.47) 





and since F(t) = J xu{x, t)dx is a continuous function, there exists ti G 
(0,t2) where F{t) must vanish and this completes the proof. 

6. Proof of Theorem 11.51 
Without loss of generality we can assume that 

ti = and j xuQ{x)dx = 0. (6-1) 

Thus in this case, combining (j5.43p . (|5.45p - ()5.47p and (j5.10p . we have for 
t2 7^ that 

Vfdfui-, t) G ^^(M), if and only if 
/ / xu{x, t')dx dt' = 0, if and only if 

rt2 It 

/ -t'||uo||2'it' = y-||^io|l2 = 0' if and only if 
2 4 

|jno||2 = if and only if uq = 0. 
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7. Proof of Theorem 11.61 

We shall consider only the case a G [1/2, 1), so that a = 1. 

Prom the argument of the proof in Theorem II. 4^ with a = 1/2 in (15.36p - 
(|5.40p and (jS.Sp . we can conclude from our hypothesis s > (|+a)(l+a) + ^-^, 
that for t / 



D\'^dlu{-,t) G L^{^), if and only if 

ft 



if and only if 

D\'\x{mr') I xu{x,t')dxdt' G L\R), 

if and only if 
t r rt 







xu{x,t')dxdt' = I (/ xuq{x) dx + -^t'\\uQ\\\)dt' 
t{ I xuq{x) dx + -ill^iolli) = 0- 
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